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Since small values of k» permit more admissible initial con-
ditions, it is appropriate to determine the effect on system
characteristics if %, is set equal to zero.

Redefining the adjustable parameters to be portrayed as
a=ayGpand vy =k, Gp, Eq. (2) is solved for « and v, and
the complex root stability boundary (double cross-hatching)
is plotted on the a—y parameter plane (Fig. 2). The real
root stability boundary (single cross-hatching) also is deter-
mined from Eq. (2), yielding the line v = 0. The describing
function curve again is a straight line, v = kia/ao, on the
parameter plane. Values for the control gains may be
chosen that will keep the entire line within the stable region
of the parameter plane, precluding sustained oscillations and
indicating stable operation for the conditions portrayed.
Further, a curve corresponding to ¢ = 0.5 may be deter-
mined by setting s = —{w, + tw.(I — {HY2in Eq. (2) and
repeating the procedure outlined earlier to determine o and
v. Values of o and v may be chosen so that the describing
function line terminates on the { = 0.5 curve at a desired
control frequency (indicated in parentheses). However,
the parameter ¢ is not constant throughout flight.! During
most of the upper stage flight it has a value of approximately
0.7, rising to 2.5 for a short time duration. A stability region
is shown on Fig. 2 for that higher value of ¢, and this addi-
tional constraint is imposed on the selection of the terminus
for the describing function line. If values of —0.415 and
—0.110 are chosen for « and vy and the slope K of the satura-
tion limiter is set at unity, limit cycle operation for all initial
values of ¢ (input to the saturation characteristic) is obviated
and stable operation is indicated.

The ratio A/S equals unity at the deseribing function line
terminus; if § = 1, then 4 is limited to 1°/sec (as desired).
Good damping characteristics are indicated except for the
short time that ¢ approaches values of 2.5. The indicated
value of w = 0.433 for ¢ = 0.7 (and w = 7 for ¢ = 2.5) pro-
vides an acceptable frequency separation from the guidance
and bending frequencies. Hence it is seen that stable opera-
tion and a close match to the desired design characteristics
established for control frequency, damping ratio, and satura-
tion limit are indicated by this analysis. The simplicity of
analyzing both linear and nonlinear operation in the param-
eter plane is noteworthy, as is the fact that the effect on
linear and nonlinear stability of adjusting two control gains
(in this case ao and ki) ean be seen directly (whereas the
Nyquist plot used in Ref. 1 provides this visibility for only
one gain at a time). The effect on vehicle performance of
setting k2 = 0 will of course be degrading. However, ky = 0
during ascent through the atmosphere, so the effect of wind
on drift is still suppressed. After k. is set equal to zero, the
effects on steady state drift may be estimated analytically
through application of the final value theorem. These esti-
mates provide an upper bound for they assume open-loop
guidance, whereas in reality, the guidance loop will be closed
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Fig. 2 Parameter plane plot for k; = 0.

when k. is set equal to zero. While a finite value of k&, will
drive to zero the drift velocity due to wind, center of gravity
offset, uncertainties in thrust vector direction due to hardware
tolerances, and errors in reading the gimbal angles of the
stable platform, setting k» = 0 will result in finite but small
values for the first three of these drift producers and a zero
value for the fourth.?
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Iterative Computation of Initial

Quaternion
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WHEN quaternions are used to compute the time vary-
ing transformation matrix between two Cartesian
coordinate systems,? the initial quaternion has to be known.
In most of the cases the initial transformation matrix, rather
than the initial quaternion, is known, and the latter has to
be computed. In this Note, an iterative technique for
computing the quaternion that corresponds to an orthogonal
matrix is presented. This technique is based on a known,
self-alignment technique of an analytic platform. In its
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implementation in a space vehicle guidance computer, we can
share portions of the program that originally were designed
for initial alignment, hence very little has to be added to the
computer program in order to use this technique.

The orthogonal transformation matrix at any time ¢ is
computed by two steps. 1) The quaternion of rotation, ¢(?),
is found by solving the following quaternion differential
equation®?:

00 = $9(0) -l (D) ™

where w,(f) is a known quaternion constructed of the com-
ponents of the angular velocity of the rotating coordinate
system which are obtained through measurements. 2)
The transformation matrix is computed algebraically,?™*
using the components of ¢(f) at that time.

In order to solve Eq. (1), the initial quaternion has to be
known. If initially the two coordinate systems are aligned,
then the transformation matrix is the unity matrix. The
quarternion that corresponds to this matrix (i.e., the qua-
ternion that through step 2 will result in this matrix) is the
following one: ¢y = (1,0). This statement can be easily
verified by following step 2 for ¢o. If, on the other hand, the
two coordinate systems do not coincide initially, then the
initial quaternion which corresponds to the initial trans-
formation matrix does not take the simple form (1,0) and
has to be computed. We shall present an iterative method
to find a quaternion, which is a generalization of an implicit
self-alignment method?® for analytic inertial platform systems.

A Generalized Implicit Self-Alignment Process

By mathematically aligning one coordinate system with
respect to another, we mean that a direction cosine computer
routine, when fed with the angular velocity of one coordinate
system with respect to another;, computes the DCM (direc-
tion cosine matrix) which transforms vectors from the latter
to the first coordinate system. This routine could use, for
example, the two steps previously described or the method
used in Ref. 5. Any 3 X 3 orthogonal matrix stored in the
DCM computer could be changed to coincide with any
chosen 3 X 3 orthogonal matrix by properly feeding the
DCM computer with three signals representing three com-
ponents of an imaginary angular velocity vector. This
operation is called slewing, and the three input signals are
known as the matrix slewing rate vector or the matrix slewing
signals.

The alignment problem is stated as follows. Given the
components of two vectors in two different cartesian coordi-
nate systems, what is the DCM which transforms any vector
from one coordinate system to another? (The two vectors
are necessary to determine this matrix and they are also
sufficient, once the right-handedness of the coordinate systems
1s specified.) Let the two coordinate systems be denoted by
I and V, the two vectors by s and t and the DCM which
transforms vectors from the V to the I coordinate system
by D;¥. Then

st = D/"sv, tr = D"ty 2)
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where s; and t; are the column vectors s and t, respectively,
whose components are the projections of these vectors on the
axes of the I coordinate system, and sy and ty are the same
for the projections in the V coordinate system (Fig. 1);
sy, ty, s; and t; are given, and the problem is to find the
DCM, D,v.

The implicit self-alignment proecess is an iterative process
by which D;¥ is found and whose steps are now described.
We choose a certain arbitrary matrix Dy. For simplicity
let us choosc the unity matrix. Using this matrix we compute

Sy = DOSV, tIO = DOtV (3)

If Dy is the sought D;7, then s, = s;, and t;p = t7, and the
cross products s X sy and te X t; will be equal to zero, and
the iterative process will end. If, however, Dg is not D;7,
then sz # sr, and tis # t;, and, therefore,

P A s X s #0 Pe 2t Xt =0 4)

The vectors p; and pe, as defined in Eqs. (4), are a measure-
ment of the difference between the true and the assumed
matrices. They can be used as a correcting signal to slew
the matrix toward the true D,V matrix. The matrix slewing
signal could be either the simple sum of p; and ps, or the sum
of the weighed veetors, i.e.,

o = Ki(s)p1 + Kas)ps )

where @ is the imaginary angular velocity vector which is
the slewing signal. K;(s) and Ka(s) are the transfer weighing
functions. The slewing signal changes D, to D; and the
same steps are repeated again. Finally, when p; and p; as
defined by Egs. (4) equal zero, the process terminates and
the matrix stored in the DCM computer is the matrix D;".
The process always converges.s

For the special case of the alignment of an analytic inertial
platform, sy consists of the three accelerations measured by
the system’s three accelerometers, and ty consists of the
angular rates measured by the three gyros of the system, and

0 0
s;r=|0]| t:r = cosA
1 sinA

where A is the latitude angle. The V coordinate system is
defined by the orientations of the gyros and the accelerom-
eters, and the I system is the local level system.

Slewing a Matrix to a Desired DCM

Let us consider a special case where the vector s is ki, i.e.,
the unit vector in the direction of the Z axis of the I-coordi-
nate system. In addition let t be j;, i.e., the unit vector in
the direction of the Y axis in the same coordinate system.
It is clear, then, that

0 07
;= [0} t, = L1 6)
1 0

Writing the expanded form of D;” as

dy die di]
DY =|dy do ds (1)
dsy  dsn dss_|

it is obvious that for this special case

ds: oy
sy = |dp |, tr = | da ©)
dss das

since Eqs. (6-8) comply with Fqgs. (2).

Having defined s;, sv, t;, and ty we can apply now the
iterative self-alighment process as described in the previous
section. At the end of the process the DCM stored in the
computer will be D;¥, whose second and third rows are given



MARCH 1970

by tv and sv, respectively (the first row is therefore uniquely
defined too). We conclude, therefore, that given a certain
DCM we can always start the process with an arbitrary matrix
which will finally converge to the given DCM. The seem-
ingly trivial operation is useful in the computation of the
initial quaternion as will now be shown.

Iterative Computation of an Initial Quaternion

The problem is, given a DCM, find the quaternion which,
when used in step 2 of the first section yields the given DCM.
We apply the foregoing iterative method, as described in
Fig. 2. We pick o = (1,0) as the initial quaternion; hence,
the initial matrix is the unity matrix. "We use this matrix to
transform sy to get A, and transformty to get B.  The matrix
slewing signal is obtained by

o = Ki(A X sp) + KB X t1) (9)

where K; and K, are the weighing functions. The slewing
signal is fed into the DCM computer, which computes the
new quaternion and then the corresponding new DCM.
This process is repeated until @ = 0. Then the matrix stored
in the DCM computer is the given matrix, hence, the known
quaternion of the stored matrix is the sought quaternion.
Finally, we may simplify the system shown in Fig. 2 by
writing a more explicit expression for w. We note that

[
KA Xs;) =K, "a{{ (10)

L o

where a; and a, are the first and second components of 4, re-
spectively. We also note that

KB Xt) = Kg[ 0} 11
b

where b; and b; are the first and third components of B, re-
spectively. From Eqs. (9-11) we see that

Kﬂlz - bi;g
W = —Klal (12)
Kb,

Let the clements of the DCM in the computer be

Cll CIZ 013
DCJ[ = 021 022 ng
031 Co? 035

Then,

Thus, Eq. (12) becomes

3
T (KiCadsi — KoCaudh)

=1

0 = —'Kl Z Clzdsi (13)

Choosing

For K, a pure gain of 0.6 and K, a pure gain of 1.0, the
quaternion obtained was

@ = (070710739 + 4-0.70710461 + 5-0.0 -+ %-0.0)
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Fig. 2 Iterative computation of the initial quaternion.

Indeed the chosen matrix is the transformation matrix which
transforms vectors to a coordinate system from another
system obtained by rotating the first system by 90° about
its ¢ axis. The direction of the rotation angle vector is in the
positive direction of the x axis, Le, jy = k; and ky = —j5.
The rotation angle vector takes, thercfore, the form:

6=ir/24+j0+ k0
Given this angle, the quaternion can be found by?3
N = cos(|8]/2)
(6:/18]) - (sinf0]/2) 7 = 2.y,

i

pi

Therefore, in this case: A = cos(mr/4), p. = sin(r/4), and
py, = p. = 0. Hence

q = [cos(m/4) + i-sin(w/4) + 7-0 + k-0]
which checks with the iterative result.

Conclusion

An iterative technique for computing the initial quaternion
which is based on a self-alignment method of an inertial
analytic platform has been presented. Its main advantage
is the saving in computer programing. The main part of
the computer hardware necessary for this technique is the
DCM computer, which is a part of the hardware anyway.
If the alignment technique used in the system is the Implicit
Self-Alignment Process, then the same hardware with different
inputs could be used to execute the initial quaternion
computation.

The efficiency of this technique, which depends on Ki(s)
and K.(s), could be increased by introducing time-varying
functions for K, and K, which are adapted during the compu-
tation to give minimum iterations and maximum aceuracy.
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